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Relying upon the usefulness of the fi-r symmetry, we find a new type of neutrino mass texture 
with a single phase parameter S that describes maximal atmospheric neutrino mixing and Dirac CP 
violation due to the presence of S. The Majorana phase associated with the third massive neutrino 
turns out to be identical to the Dirac phase while other Majorana phases vanish. The nonvanishing 
reactor neutrino mixing angle S13 is induced by a /i-r symmetry breaking effect. Flavor neutrino 
masses that supply the fi-r symmetry breaking terms become pure imaginary for S = ±7r/2, leading 

to maximal CP violation. There is a parameter denoted by 77, which is either 0{.^ ArriQ/ Am^^^) 

in the normal mass hierarchy, or 0{AmQ / Amatm) in the inverted mass hierarchy. In the inverted 
mass hierarchy, the contribution of ^^(sin^ ^13) is found to be significant and cannot be neglected. 
Our texture also leads to quasi degenerate neutrinos with masses of 0{^/Am^^), which serves 
as the scale for the effective neutrino mass in (/3/3)oiy-decay. This texture does not include r], and 
ArriQ naturally arises from contributions of 0{sin^ 613) to give AmQ/Am,atm ~ sin^Sia, yielding 
the prediction of sin^ 813 = 0(10"^). 

PACS numbers; 12.60.-i, 13.15.+g, 14.60.Pq, 14.60.St 



I. INTRODUCTION 



There have been growing theoretical interest in determining the structure of the complex neutrino mass matrix 
[1 II H B 5] that induces leptonic CP violation 0]. The leptonic CP violation has two sources: one from a CP 
violating Dirac phase and the other from two CP violating Majorana phases if neutrinos are Majorana particles. 
It is then argued that the fi-r symmetry |^ |^ 0, ^| plays a crucial role in the physics of leptonic CP violation 
01 . In the standard parameterization of CP violation used by PDG 0, the PMNS unitary matrix is given as 

(C12C13 S12C13 
-C23S12 - S23Cl2Sl3e*'' C23C12 - S23Sl2Sl3e*'' 
S23S12 - 0230125136"^ -S23O12 - 0235125130"^ 

K = di&g{e'^\e'^\e"^'), (1) 

for Cij — cos6ij and — sinOij (i,j=l,2,3), where 9.ij stands for the three neutrino mixing angles. The three flavor 
neutrinos J^e,/i,r are converted by the action of Upm'ns i^^*^ three massive neutrinos 1^1,2,3- The CP violating Dirac 
phase is denoted by 5, while the Majorana CP violation phases are determined by two combinations of /?i,2,3 such as 
Pi — (i=I,2,3). In this parameterization, the Dirac phase S drops out if S13 = 0, which is the solution required by 
the fj,-T symmetry. Therefore, Dirac CP violation depends on the presence of the /Lt-r symmetry breaking part. These 
mixing angles are constrained by various experiments [T3. ITEI l and are currently summarized as 




' - = 0.314(1 +2;;^ ) , sin^ 023 = 0.44(1 ) , sin^ 013 = 0.9 ^ 10-^. (2) 



sm 012 



Neutrino masses enter in the solar and atmospheric neutrino mass squared differences defined by Amg — m\ — m\ 
(> 0) and Ato^j„ = \m1 — {m\ + m^)/^], which are observed to be: 

Am| = 7.92 (1 ± 0.09) x 10"^ eV^ Am^^^ = 2.4(l ^^f^ ) x 10"^ eV^ (3) 



'Electronic address: 4aspd001 Qkeyaki . cc. u-toka i. ac. jp] 
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Let us introduce a neutrino mass matrix M^, parameterized by^ 



M. = I M^^ M^, I . (4) 

4r M.^ Mr 



It is then convenient to divide into the fi-T symmetric part Mgym and symmetry breaking part |j,l5| expressed 

rr)/ 

= Msyra + Mb (5) 



in terms of Mi;^^ = (M^^ ± {-aMer))/2 and M^IJ^ = (M^^ ± M^^)/2 for a = ±1 



with 

Msj,™ = Mi+^ iV/4+^ Af^, , ^/fc = A'/i;^ a4;^ I , (6) 
V-f7A/i+^ M^r Af^+> y VfiAfi;^ -M^-^ 

where the obvious relations M^^ = M^f' + Afi^\ Mer = -cr(Afi+^ - Afi^^), M^^ = A/4+^ + Af^i^' and M^r = 
Af/i/'j^ — Mj^fJ are used. It is the /i-T symmetry, where the lagrangian for Mgy^'. Cmass 

= iP^Msymlp/^ with 

-0 = (i^e, i/p, turns out to be invariant under the exchange of z^^ <-> — cti/t-. From Msym, it is easy to see that 
the eigenvector corresponding to is given by (0, cr, 1)^/^/2 with the eigenvalue Af^^-* + aM^r, leading to S13 = 
and C23 = (TS23 = I/a/S in [/^ of Eq.(^, where the sign of a defines the sign of S23- Therefore, Dirac CP violation is 
absent in Msym as was announced above. In other words, Dirac CP violation is sensitive to how the fi-r symmetry is 
broken 3|. 

If the fi-T symmetry is broken by pure imaginary flavor neutrino masses, the corresponding texture can be shown 
to exhibit maximal Dirac CP violation as well as maximal atmospheric neutrino mixing 0, ITg . This texture has the 
following form: 

a bo -cr&o \ f b'„ ab'o 

bo do e \ + t\ b'„ d'o ] , (7) 
-abo e do J \ ab'o —d'o 

where all mass parameters, a, bo, do, b'o, d'o and e, are taken to be real. There is a more general form that depends 
on the phase of a complex number z with \z\ = 1, which is obtained by replacing Re(ti;) {oj + zu!*)/2 and 
ilm(ti;) — !■ (cj — zuj*)/2, where lo represents a flavor neutrino mass in Eq.jTI). There are useful relations to estimate 
023 and (5: 

Im(Me^) 

and 

S23Mep + C23Mer = |s23Me^ + C23Mer\ e''^ (9) 

where M is a Hermitian matrix defined by M = MIAIi, and stands for the ij element of M |0. Applying these 
constraints to Eq.© yields tan023 = f and 6 — ±7r/2. 

To depart from the texture giving maximal Dirac CP violation and maximal atmospheric neutrino mixing is likely 
to give a deviation of the PMNS unitary matrix from its standard parameterization of Up^^g. For a given M^, the 
PMNS unitary matrix is completely determined by three eigenvectors associated with M^, more precisely, with the 
Hermitian matrix of M. Namely, the form of the PMNS unitary matrix cannot be a priori assumed, but determined 
from Ml, [23. Therefore, the phases present in three eigenvectors are not necessarily coincident with those in three 
columns of Up^j%g. In general, there are three phases including 6 associated with three rotations (except for K). 
Of course, two of them can be rotated away by appropriate redefinition of phases of the neutrinos, which includes a 
redefinition of flavor neutrinos. However, this redeflnition yields a modiflcation of M,^ so that the modified form of 



It is understood that the charged leptons and neutrinos are rotated, if necessary, to give diagonal charged-current interactions and to 
define the flavor neutrinos of Ue, and Ur- 
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can be diagonalized by Up^jj^g. It is this modified whose three eigenvectors match with Up^jj^g. To obtain 
the modified M^, we have to know the amount of required rotations, which add phases to relevant elements of 
and are precisely determined once the original M^, is given. Therefore, if M^, can be diagonalized by Up^/^g without 
any rotations, its phase structure is not arbitrary but restricted. In other words, if we impose additional constraints 
on the flavor neutrino masses, a given M^, can be diagonalized by Up^/^g without any rotations.^ The appearance of 
such extra constraints implies that the three eigenvectors associated with contain other phases than S. It turns 
out that the required constraints are dictated by a set of equations for which are shown in the Appendix IXI 

In this article, we examine a complex neutrino mass texture which can be diagonalized by Up^/^g without requiring 
any additional constraints among the flavor neutrino masses and present four typical mass textures to be consistent 
with the observation of neutrino oscillations. In Sec^ the outline of our derivation of texture is described. Our texture 
is found to provide the maximal atmospheric neutrino mixing and shows the Dirac CP violation for any value of 6. 
Section ITTTl deals with four textures that yield the normal and inverted mass hierarchies to realize Am^^^ ^ AttIq. 
We present a new texture for quasi degenerate neutrinos with their masses of 0(-\/Ato^^), which can exhibit either 
|wi| < \m2\ < Imal or jmal < |mi| < |m2| depending on size of a flavor neutrino mass proportional to e^^"^. The 
final section is devoted to summary and discussions. 



II. TEXTURE WITH CP VIOLATING DIRAC PHASE 



To find the appropriate texture describing CP violations for any value of 6, we are basing our discussion on the 
two properties of complex flavor neutrino masses discussed in the previous section, which indicate the usefulness of 
the separation of into the /i-r symmetric and symmetry breaking part and the unique form of Eq. . This form 
serves as a reference point, where the /x-r symmetry breaking part is given by pure imaginary flavor neutrino masses. 
It is, thus, reasonable to presume that, for S = ±7r/2, the real part of M^, which is /i-r symmetric, consists of 1 
and e~^** and the pure imaginary part, which serves as a fi-r symmetry breaking term, consists of e""*. These two 
properties suggest us to employ the following texture: 

(ao bo -crfoo \ / &o cr&o \ 

bo + a(-do + die-2'*) + e^'M '^o , (10) 

-abo (j{-do+die-^'^) do+die-^'^ J \<yb'o -d'o J 

where di is an additional real mass parameter. The suppression of 6q and d'g compared to the scale of AI^, is presumably 
of 0{^y Am^(„j) and induces a tiny nonvanishing sin0i3. 

In Ea. llOj) . the phase in the fi-T symmetry breaking sector is common to 6q and dg. The appearance of the 
common phase may be traced back to a single /i-r symmetry breaking source in underlying dynamics such as the 
seesaw mechanism |21j . The underlying dynamics must not supply phases for the charged leptons, whose interactions 
certainly induce /i-r symmetry breaking terms for neutrinos. This scenario is easily realized if this single phase is 
given by /i-r symmetry breaking contributions to right-handed neutrino masses [Tl| . If this is the case, the e~**-term 
appears as a common factor to specify the /i-r symmetry breaking. Another reason to assume one phase is that if 
the phase varies with 6g and d'o, Up^/^g cannot be derived from of Ea. HlU|) unless we demand extra constraints 
on the flavor neutrino masses. The same phase S of the terms proportional to e~^"' also controls the phase in the 
/i-r symmetric part, and these terms are also required because of this reason. However, the physical reason for the 
appearance of this phase is unclear at the moment and we will show in the next section textures for the inverted 
mass hierarchy that do not include these terms. In the Appendix ^ we give another derivation of Ea. l|lU|) by using 
a solution to equations that allow us to introduce no artificial constraints. 

It is remarkable that Eq.© is identically satisfied so that it consistently describes Dirac CP violation with S 
embedded in this texture. The texture Ea. (|10|l predicts the maximal atmospheric neutrino mixing because tan 623 — u 
is obtained from Eq. |(SJ • The convenient way to see this is to rewrite Eq. Q referring to the /i-r symmetry, and it can 
be readily found that 

, . Ini(Mi-^) + Im(Mi+^) 

tan6'23 = CT T— 7-^, (11) 

Im(Mi^O -Im(Mi;^') 



^ It is always true that, for a given unitary matrix (7, any hermitian matrix H can be diagonalized by U if we impose artificial relations 
on some of elements of H. The correct solution is well known: Find eigenvectors for H then construct U . Instead, if the most general 
form of U is used, we can also reach the correct solution, which tells us that some of the phases vanish. 
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where 

Mi-) - AC Afi;) + Afi;)* (Af (+) + crM^r) + M^+>M^-^\ (12) 

Our texture Ea. H10() has real flavor neutrino masses of Afge, Ai^i^' and A/^^'l'' — aM^r while Mi^}f^^ have the common 
phase. We then have IvniJsA^) = 0, which gives tan 023 = cr and the maximal atmospheric neutrino mixing shows 
up. 

From Eg . I| A3|l in Appendix IXI the mixing angles 6*12,13 are expressed as 

tan26ii2 = 2\/2 — ^ , tan 26I13 = 2\/2— , 13 

ci3 A2 - Ai Ase^"' - ao 

which reproduce Ea. ljA16|l . The phase completely disappears to yield real values of tan 26*12 and tan 26*13. This is 
because our texture gives the following mass parameters: 



— , A2 = ^uo, /V3 = 

'13 ~ ^13 



C?3ao - 25^3^1 



Ai = I _ 2 : A2 = 2do, A3 = 2e-""'di. (14) 



We then find that Ai,2, Ase^*'', , and Afi^ ■'e*'' become real so that tan20i2 and tan 26*13 become real. If the phase 

differs in 69 and dg, Ai ceases to be real and the phase of Me^ is not i5. The imaginary parts of tan26*i2 and tan 26*13 
should vanish, and this gives extra constraints among the flavor neutrino masses.^ 

We can examine Majorana phases predicted in Ea. (|A4p . Since Ai,2 and X{= \/2Me^^ / C13) turn out to be real, the 
Majorana phases of /?i,2 vanish in Ea. llA4|) . On the other hand, we flnd that 

m.e-'^f'^ = ?£ii^l.Z^e"2»^ (15) 

C13 ■^13 

which yields = S. The Majorana phase associated with the third massive neutrino is identical to the CP violating 
Dirac phase. 



III. NEUTRINO MASS HIERARCHIES 

In this section, we discuss how the observed properties of neutrino oscillations such as sin^ ^13 <C 1 and Am^(„ ^ 



atm 

Amg are explained in our proposed texture. For sin^ ^13 <^ 1, we know that any effect from the /i-r symmetry 
breaking to be denoted by e should be tiny and characterizes b'^ and d^. For Am^^^ ^ Attiq, we present explicit 
forms of textures in the normal and inverted mass hierarchies because the degenerate neutrino mass pattern cannot 
provide Am^^^ Am|. Three Majorana phases are fixed to be /?i,2 = and P3 = 6. Neutrino masses are then 
calculated from 

ao + 2do + (ao-2di)i2 A , 1 2 

2 ^h^(,'+2'" 

ao + 2do + (ao-2di)i2 V26o f, , 1 2 

mo ~ 1 H — It? 

2 sin26li2 V 2 " 

7713 «2di- (00-2^1)4, (16) 

where the terms of C'(sin^6*i3) are properly taken into account. The effect of these terms is not significant in the 
normal mass hierarchy but comparable to the effect from the other terms in the inverted mass hierarchy. Furthermore, 
it will be shown that their effect can provide Amg/Am^j^ ~ sin^ 613 in a new type of texture for quasi degenerate 

neutrinos with masses of 0{y^ Am^^^). We denote parameters used in Mee to be p, in A^e/x to be q, in Af^^ to be r. 



^ These constraints turn out to be fi ctit ious if additional phases are introduced, and these phases are the correct ingredients for the 
PMNS unitary matrix in this case |22| . 



5 



A. Normal Mass Hierarchy 

Our texture can be parameterized by 60 = r]di , 69 — edi , uq — prjdi , do — rr/di and dg = xedi , which results in 

(prj rj + £e~^^ ~a [rj — ee^*"^) \ 

rj + ee-'^ rrj + xee-'^ + e-^'^ - a {rrj ~ e'^'^) , (17) 
-CT [t] - ee-'^) -a {r-q ~ e^^j*) _ xee^"^^ + e"^'* j 

where r] satisfies \'q\ <C 1 and x is determined so as to satisfy Eas. (jA16|l and l)A17|l for 6'i3. This texture has often 
been discussed in the hteratures |23j. The mixing angles and masses are then calculated to be: 

tan26li2«-- , tan 26I13 w \/2cre, (18) 

(2r - p) ry + 21^^ 

^J ip + 2r) 7? ~ 2t^3 \ (p + 2r)r;-2tf3 , V^y \ ^ 

\ 2 sm2^i2 / \ 2 sm2^i2 / 

7713 «2di, (19) 



2 2V2((p + 2r) 77-2^2 
A77Zq w — 77^1, Am^t^ w 4di. (20) 

Sill Z(7l2 



Since we numerically know that tf^ ^ AitIq / Arn^^^, gives a minor contribution to AttZq. Then, we obtain 



tan 2^13 = 0(£), 7/ = O (^^A77i|/Ar772^„, j . (21) 

Form these results, we find that either p or r can be set to zero. In this texture, it is well known that \Mij\ 3> \Mei \ ^ 
I Mp p I (i, j = /Lt, r) can be ascribed to the tiny violation of the electron number conservation in leptonic interactions 
|25j |. In this case, p ^ t] is anticipated and can be neglected. 

There is a new texture with r7Zi ~ —777,2, which yields Attiq ^ sin^ ^isAttt.^^^.^ The texture is characterized by 
flo — —2do, ba = qdo, b'^ — eda, di = —rdo and = xeda, which gives 

/ -2 q + ee-^^ ~cr{q-ee-'^) \ 

M^ = dai q + eer'^ 1 + xee-'^ - re"^'* (^i ^ re-'^'^) . (22) 

\-a{q- ee-'^) -a (l + re"'^'^) 1 - xee-'^ - re^^-'i J 

The mixing angles and masses are then calculated to be: 

tan26'i2«-^, tan 26*13 « — ^cr£, (23) 
V2 7" - 1 



Tna « -27-do, (24) 



A7772 w M!_Jlf2 ,2 A 2 
® cos 2012 ^3 °' " 



2 1 



d^, (25) 



C0S2 26*12 

where r > 1 for A777q > and q appearing in 7711^2 is replaced by tan20i2 in Ea. (|23|l . We obtain that 



tan 2013 = Oie)^0 ^^Aml/Aml,^j , (26) 

which indicates that 

A777| ^ sin^ 0i3Amlt^. (27) 



* This case corresponds to quasi degenerate mass pattern with m\,m'^,rn^ S> Amg but not to the one with m\,m'^,m'^ S> Am^j^. We 
list this pattern as the normal mass hierarchy. 
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This prediction lies in the right range of Arrig for sin^ 6*13 = 0(10 ^) since sin^ Ois ^ 0.03. 

Illustrated in FIG ^ for 1.5 < r < 2 and in FIG [3 for 2 < r < 2.5 are our predictions of sin^ ^13 and masses 
including the effective neutrino mass used in the detection of the absolute neutrino mass (27.] . which is equal 

to |Mee|. The parameter q is fixed to be g = 3 giving sin^ 26i2 = 9/11. Although this texture seems to describe the 
normal mass hierarchy, these two ranges of r give different mass orderings: jmsj < \mi\ < \m2\ for 1.5 < r < 2 and 
Imil < \m2\ < Imsl for 2.5 < r < 3. The turning point is r w 1/ cos 26*12, which is about 2.35. These figures indicate 
the following features of the texture: 

• The prediction of sin^ 6*13 is obtained for the experimentally allowed values of Atoq/Ato^^^ and shows that 
0.010 < sin^ 6*13 ;S 0.032 for jmal < jmi^al and 0.005 < sin^ 6*13 < 0.015 for Img] > |toi,2|. 

• The degeneracy of |mi_2,3| shows up. Although the two types of the mass ordering satisfy either |toi| < |m2| < 
Im^l or Im^l < \mi\ < \m2\, the mass ordering does not correspond to either the normal or inverted mass 
hierarchies in a strict sense because quasi degenerate neutrinos have masses of 0{^yA^m^^). 

• The effective neutrino mass m^^ is also estimated to be: TO/3/3 = ^iV Ato^^^) even for the normal mass 
hierarchy. It should be noted that most of existin g tex tures predict m/3/3 <C 0{^/Arn^J^) for the normal mass 
hierarchy because Mee is suppressed as in Ea. (|17|l |26l| . In this texture, we predict that 

To/3/3 ~ a few X 10"^ (eV), (28) 

for \/Atoqj,„ ^ 5 X 10^^ eV, even for the case |toi| < |to2| < |to3|. 

These features are specific to this texture, including both |toi| < |to2| < |to3| and |to3| < |toi| < |to2| depending on 
the size of r. It should be stressed that re~^^^ is a new term for CP-violation. 



B. Inverted Mass Hierarchy 

There are two different textures depending on the relative sign of toi and TO2: toi TO2 or toi ^ — TO2 28]. Our 
texture with toi ~ TO2 can be parameterized by ao — '2do{l — prj), bo — rfda, 6q — edo, di = and d'g — xeda, which 
gives 

/ 2(l-pr/) + -cr (77 - ee^*"^') \ 

= do V + ee^"' 1 + xee''^ -a . (29) 

\ -0- (ry - ee~'^) -a 1 - xse''^ J 

The mixing angles and masses are then calculated to be: 

tan26'i2 « , tan26li3 w -V2ae, (30) 

PV - tis 



,^(2-V2 ''>''t^\ )do, TO2^r2- 72 -^1""' 



■ on 'I V - • - - on 'V] do, 

sm26'i2 / \ sm26'i2 / 

TO3 « -2^^3do, (31) 

^^©^T^^'^^O' ATOL„«4d2, (32) 
where the term pr] — tf^ appearmg in mi 2 has been replaced by tan 2^12. Then, we obtain 

tan 2013 = 0(£), = O (AtoI/Ato^, J . (33) 

This estimation of 77 shows that the t^g-term in tan20i2 may be comparable to 77 and cannot be neglected. 

Another texture, which shows toi ~ — TO2, has ao = — 2c?o(l — v)- ^0 = ido, b'o = edo, di = and d'l = xedo and is 
given by 

-2 (1 q + ee^'^ -a {q - ee""^) 

M^ = do\ q + ee-'^ 1 + xee-'^ -ct | . (34) 

-a {q - ee-'^) -a 1 - xee~'^ 
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The mixing angles and masses are then calculated to be: 



tan26'i2«-^, tan 26*13 « V2ct£, (35) 
v2 

mi w - ^ V + tis] d-Q, m2 ~ ( ^ V - ^is ] ^o, 

7713 ~ 2i^3C?o, (36) 



,cos2^i2 ■' ■ v^^^ " 

'•13'' 

^""e cos 2012 °' COS2 2012 °' ^ ^ 

where g in mi_2 is replaced by tan 26*12 because of Ea. (|35|) . As in the previous cases, we obtain 

tan 26*13 = £'(£). (38) 

Because i^gj; Atoq/Ato^j^, we cannot neglect the terms proportional to t^^ in Ea. H37|l for Amg as long as t^^ ~ 10~^. 
We, therefore, expect that 

ry = O (Am|/Am2,„) , (39) 

with 7] > to satisfy Atoq > 0. 

In these four textures, the feature of tan20i3 = 0{e) appears as a direct consequence of Ea. HA3|l giving tan20i3 oc 
Afi^ because of C23 — (JS23 = l/v^- The similar feature also appears in the predictions of tan20i2 oc M^^"* from 
the textures Eas. 1)17(1 and 1)29(1 . where another small parameter 77 apparantly gives tan20i2 = 0{7]). However, the 
contribution from ©(77) in the numerator is cancelled by the same factor in the denominator as in Eg. ((18(1 to give 
tan 2012 of order one. If we demand that 77 ~ e, we can find AttIq ~ tf^ATn^f.^ in the normal mass hierarchy of 
Eg. ((17(1 or Attiq ~ ti^Aml^^^ for the inverted mass hierarchy of Egs. p9(l and ((34(1 [23j . However, there is no a priori 
theoretical reason to suppose rj ^ e, although the present experimental data suggest it. It should be emphasized that 
the generic prediction of Atoq ^ sin^ 6'i3Am^jj„ produced by the terms of C'(sin^6'i3) is specific to the new type of 
the texture Ea. lf^ . 



IV. SUMMARY AND DISCUSSIONS 



We have successively demonstrated that the proposed texture of Eq. ((10(1 describes the maximal atmospheric neutrino 
mixing with arbitrary CP violating Dirac phase S, as well as the observed properties of neutrino oscillations such as 
Am'^fj^ ^ AttIq . The general and simple formula to estimate the deviation from the maximal atmospheric neutrino 
mixing has been given in Eg. 1(11(1 . which utilizes the classification of MJ^M^ due to the /i-r symmetry. The source 
giving the deviation is the imaginary part of M^^^ = M^^Afi^^ + Mi'^^*{M''^^ ~ crA/^r) + M^'^^* mI~^\ The present 

texture gives Im(Mi^'') — and so tan 023 = cr is derived. In addition to the CP violating Dirac phase, the Majorana 
phase associated with the third neutrino becomes 5, and other Majorana phases vanish. Our texture, thus, yields 
Majorana CP violation. To reach this texture, we have relied upon the usefulness of the /i-r symmetry, which allows 
us to divide a given texture into the symmetric part and the symmetric breaking part. Since the effect of Dirac CP 
violation arises from the symmetric breaking part, we characterize this part to be proportional to ee^**^. One may 
wonder what happens if e = in Eg. ((lU(l . which still exhibits the phase 5. Since the /i-r symmetric texture gives 
sin 6*13 — 0, there is no Dirac CP violation phase 5 in Up^/^g. In terms of the flavor neutrino masses, we see that 
Im(Me^) — Im(MeT-) — 0, which jeopardizes the validity of Eq.Q to indicate no Dirac CP violation, and Eq.JHJ is 
replaced by tan 023 — —Re (Me,-) /Re (Mg^) The phase S embedded in our /i-r symmetric part of the texture is 
transferred to the Majorana phase, which is identical to 6 as can be seen from Ea. l(15(l . 

As stated in Sec^l it is our main assumption that the single phase 6 controls the fi-T symmetry breaking part. The 
theoretical reason is to confine ourselves within the textures that precisely have Up^j%g as the PMNS unitary matrix 
without entailing further rotations due to the redefinition of flavor neutrinos. However, the inclusion of the additional 
phase a defined in Eg. ((A10(l as a free parameter (a ^ —6) practically does not alter most of our main conclusions 
since the /i-r symmetry breaking causes very tiny effects. One direct consequence is that the atmospheric neutrino 
mixing ceases to be maximal as expected. In our case, it is determined by Eg. l(A2(l . which provides cos 2023 (~ ^13) ~ £ 
because of the mismatch of the phase of X with S, as can be seen from Eq.ljSH).^ 



^ In fact, we can find that cos 2023 oc [do{cs — Ca) + di(cs — C2S-a)]<iQ l22l . 
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It is recognized that 

• the /i-r symmetric part gives tan 29i2 oc Afi^'' , and 

• the /i-r symmetry breaking part gives tan 2^13 cx Afi^ 

To obtain this contrasted result shows the usefulness of the classification due to the fj,-T symmetry.^ Furthermore, we 
note that the relation Af/~^ = -V^crtise-"-^ M^^ as in Ea. l|A8|) gives a definite correlation between the /i-r symmetric 
part Afi^'' and its symmetry breaking part M^^} . This relation can be viewd as a main constraint to have the maximal 
atmospheric neutrino mixng. 

Four types of realization of Am^^^ ^ AttIq are explicitly given by specific textures. Among others, we have found 
a new type of realization, which uses terms of ©(sin^ ^13)- Namely, we have shown that 



which shows the right order of the observed hierarchy because sin^ 6*13 0.03. Namely, sin^ 613, = 0(10 ^) is predicted 
in this case. It is the only case, where AmQ/Am^j„j is induced by the effect from the terms of 0{sit? 9xz)- The 
explicit form for e ^ is given by 



This texture is found to have the following features: 

• Neutrinos are quasi degenerate ones with masses of 0{^J Ato^(„j), 

• Depending on the size of r, the mass ordering becomes either |toi| < |m2| < Irrisl or |m3| < \mi\ < \m2\, 

• The effective neutrino mass mpp is a few x 10^^ eV. 

It should be noted that the textures with 6 = also give the right answers to describe the observed neutrino oscillations 
because the phases do not contribute in the estmation of the masses and the mixing angles. However, the atmospheric 
neutrino mixing is not maximal because Eq.® is not satisfied. This is due to the lack of the constraint from the 
imaginary part of Ea. l|A2p . The mixing angle 6*23 is determined by Ea. l|A2p with 6 = corresponding to the real part 
of Ea. ljA2|l . which impfies that M^^ — Mrr oc S13 and cos 2^23 oc S13. 

The complex flavor neutrino mass matrix with its elements satisfying Ea. ljATp is the unique form of the matrix 
describing the maximal atmospheric neutrino mixing that can be diagonalized by Up^/fjg without requiring other 
constraints among the flavor neutrino masses. A typical example is the texture discussed here, where the Dirac CP 
violation is described by an arbitrary phase 6 embedded in the mass matrix. To find phenomenologically viable 
neutrino mass textures, a specific type of the /i-r symmetry breaking Ea. (jA9p is chosen and four types of textures 
are shown to consistently describe the neutrino mass hierarchy. As discussed in Sec^ it is likely that underlying 
dynamics provides a single /i-r symmetry breaking source with the phase S, which can induce the terms proportional 
to e^**. In this case, Eas. (|29|l and (|34|l for the inverted mass hierarchy match this scenario because the additional 
terms proportional to e"^"' are absent. One can construct other types of mass matrices than Ea. (|10|l if one chooses 
other types of the /i-r symmetry breaking because the CP violation is controlled by the part of the textures which is 
not /i-r symmetric. Other useful patterns of the /i-r symmetry breaking part will be discussed elsewhere p^. 
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sin^ OisAm^ 



'aim ? 



(40) 




(41) 



The generic use of the fi-r symmetry reveals that the fi-r symmetric texture does not necessarily lead to sin S13 = but to sin 612 = 
depending on the mass ordering of three eigenvalues for "19]. Namely, the eigenvector corresponding to u-i proportional to (tt, 1, —cr)^ 
yields sin 613 oc u and sin 612 = 0, while (0, cr, 1)^ gives sinf?i3 = 0. The detailed discussions will be presented elsewhere |22| . 
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APPENDIX A: DERIVATION OF THE TEXTURE EO-JTHll 

A set of constraints to have Upmns as the PMNS unitary matrix, which determines masses and mixing angles [2^. 
is given by 

sin26'i2 (Ai - A2) + 2cos26'i2X = 0, (Al) 
{Mrr - Mp^) sin 26*23 - 2Af,,^ cos 26*23 = 2si3e-'^X, (A2) 
sin 26*13 (Meee"'* - A3e'*) + 2 cos 26'i3r = 0, (A3) 



and 



C12A1 + S12A2 " 2C12S12X, m2e~ '^^ ^ Ci2^i + S12X2 + 2C12S12X, 



m3e-2'^3 = C13A3 ^^136^ M,, ^ ^^^^ 



^13 ''13 

The mass parameters of Ai 2,3, X and Y are given by 



Al = c%M,, - 2ci3Si3e*'^r + s?3e''^A3, A2 = cl^M^^ + s^gM,, - 2S23C23M/ 



A3 = sl^Mf_,^ + CagA/rr + 2s23C23Mpr, (A5) 

X = , Y = S23Afe^ + C23A/er. (A6) 

Cl3 



To have a diagonaUzed Upf^jf^gAIuUpMNS yields six constraints. Three constraints on the diagonal parts give Eg . (|A4|) 
and other three supply Eas. ljAip - ljASp for three mixing angles. It should be noted that each mixing angle is determined 
twofold by the real part of the equation and its imaginary part, which should be compatible with each other unless 
the phase is automatically cancelled in both sides of Eas. (|Al| l- (jA3|l . 
The solution to Ea. HA3|l for C23 = crS23 = l/\/2 is found to be: 



^^=lci3tan20i2""'^^'^ ;^^^'^^^V + |^^^^^-^;vza.v.,, , ^ 



ci3 tan 26*12 ' J ' "'"^ Vtan 26*13 2 / 

from which we have 

Af(-) = -V2aii3e-*^MW. (A8) 



This is nothing but Eq. HA2|I . These flavor neutrino masses become identical to those found in Ref . [29| if CP violation 
becomes maximal. Since we know that the /i-r symmetric texture is consistent with the present observation of neutrino 
oscillations, let us assume that 

Afee=ao, A4^ = 60 + e*"6;„ A^. - -a (60 - e^^foj,) , (A9) 
where 6q stands for the minor deviation from the /i-r symmetric texture and a is a phase parameter, which gives 

A//W=6o, Afi;) (AlO) 

From Eq. (|A8|) , we find that 

A//(-) - -V2aii3e"^^6o. (All) 

If the iJL-T symmetry breaking has a common source, it is expected that the phases in Ivli^ ^ and Af^i^'' are the same: 

a = -(5, (A12) 
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and that their strength takes the similar magnitude: 

60 - hsbo, (A13) 

as well. 

Collecting these results, we find that Ea. ljA7|) becomes 

/I \ / e^^*"^ t \ p-2i(5 I 1 



Ci3tan26li2 / Vtan26li3 2 

From these expressions, we finally reach the following parameterization: 

M^^ =do + e-**d^ + e-2^^di, Mrr = da-e-'^d'o + e-^'^di, AV = a (-do + e^^^^di) , (A15) 

which is the mass texture of Eq. pO|) . By comparing Eq. (|A15|I with Eq. (|A14|I , we also find that 

b b' 
tan26'i2 w 2%/2— — 5 , tan 26*13 = 2%/2ct— — 2 , (A16) 

2ao — ao 2ai — ao 

where the approximation of sin^ Oi^ w is used to show tan 26i2 and 

from Eg. ljAlljl . The mass parameter is so determined that two expressions for 613 are consistent with each other. 
From Eas. (|Il6|) and l|Il7|) . we find that the /i-r symmetry breaking masses of b'g and dg can be parameterized by a 
common parameter e satisfying |e| ^ 1 to be 60 cx e and cx s. 
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FIG. 1: The predictions of sin^ &13 (black curves) and |mi_2,3|, ni^^ in unit of Am^j^ (grey curves) as functions of r (< 2) 
and Am0/Am^t,„(= i?) for |ma| < jmi,2|, where the sohd, dotted and dashed curves, respectively, correspond to the lower 
bound of -R, the center value of R and the upper bound of K, and the upper, middle and lower grey curves, respectively, stand 
for the cases of \m\\ ~ |m2|, |m3| and m/3/3. The upper bound on sin^ Qn is indicated by the horizontal line marked as "max". 
The parameter q is fixed to be 3 giving sin^ 2Si2=9/ll. 
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FIG. 2: The same as in FIG^but for r > 2.5 and Ima] > |m.i,2|, where the upper and middle grey curves, respectively, stand 
for the cases of \m3\ and jmi| ~ \m2\. 



